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AP® Calculus AB/BC 2024 Scoring Guidelines

Part B (BC): Graphing calculator not allowed
Question 6 9 points

General Scoring Notes
The model solution is presented using standard mathematical notation.

Answers (numeric or algebraic) need not be simplified. Answers given as a decimal approximation should be
correct to three places after the decimal point. Within each individual free-response question, at most one
point is not earned for inappropriate rounding.

o0 n

+1
The Maclaurin series for a function f is given by E u
n=1

p and converges to f(x) for all x in the

interval of convergence. It can be shown that the Maclaurin series for f* has a radius of convergence of 6.

Model Solution Scoring

(a) Determine whether the Maclaurin series for f* converges or diverges at x = 6 . Give a reason for your

answer.

0 n o0 n 1 point
.. n+1)6 . n+1)6 p

At x = 6, the series is ( 5 ) = z n j; 1. Considers %

= n6" = n n 6"
n+l 1 © Answer with reason 1 point
Because > — for all » > 1 and the harmonic series z-
n n n=1

n+1

o0
diverges, the series Z diverges by the comparison test.

2
n=1 1
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AP® Calculus AB/BC 2024 Scoring Guidelines

Scoring notes:
e To earn the first point using either the comparison or limit comparison test, a response must

(n+1)6"
n’6" n

individually or as part of a sum.

. This could be shown by considering the term ntl , either

consider the term 3

e To earn the second point using the comparison test a response must demonstrate that the terms

+1 . . .
5— are larger than the terms in a divergent series.
n
o «=Z J; ! > l, diverges” earns both points.
n n

o The response does not need to use the term “comparison test,” but the response cannot declare
use of an incorrect test.

e Alternate solution (limit comparison test):

o0 n o0
At x = 6, the series is ZM = Zn—H

2 /n 2
=1 n°6 n=l N
n+1
2 n? +n < 1
Because lim —Z = lim =1 and the harmonic series Z— diverges, the series
n—>00 n—w  p? —
— n=1
n

o0

Z 1 J; ! diverges by the limit comparison test.
n=1 N

o To earn the second point using the limit comparison test, a response must correctly write the
limit of the ratio of the terms in the given series to the terms of a divergent series and

demonstrate that the limit of this ratio is 1.

o The response does not need to use the term “limit comparison test,” but the response cannot
declare use of an incorrect test.

Total for part (a) 2 points
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(b)

(n+DB3) _ntl( 1Y . .
It can be shown that f(-3) = Z = Z ) and that the first three terms of this
n=1 1

2n 2
n=1 6

series sum to S; = —}ii Show that | f(-3) — S| <30
n Uses fourth term 1 point
f(-3)= Z (n + 1)( 3)° Z (r z D (—l) is an alternating
) n’6" wel N 2 Verification 1 point

series Wlth terms that decrease in magnitude to 0.

3
By the alternating series error bound, Z

n+1(_1)” _ 125

o n? 2 144
approximates f(—3) with error of at most
4+1(_1)“ _ 5 .51
42 2 256 250 50°

1
Thus, | /(-3) - 8| < 55

Scoring notes:

e The first point is earned for correctly using x = =3 in the fourth term. (Listing the fourth term as
part of a polynomial is not sufficient.) Using x = —3 in any term of degree five or higher does not
earn this point.

1

+1 4 . . .
7|~ cams the first point, but just —
4

e The expression does not earn the first point.

26

1

4
e A response including the expression 4 t 1(—5) that is subsequently simplified incorrectly earns

the first point but not the second.

e To earn the second point the response must state that the series for f(—3) is alternating or that the
alternating series error bound is being used.

4+1 (_ 1 )4 L.

42 2 50

earns both points, provided it is accompanied by an indication that the series is alternating.

o A response of just “Error < ” (or any equivalent mathematical expression)

e A response that declares the error is equal to % (or any equivalent form of this value) does not

earn the second point.

Total for part (b) 2 points
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(¢) Find the general term of the Maclaurin series for f”, the derivative of f. Find the radius of

convergence of the Maclaurin series for f".

The general term of the Maclaurin series for f” is General term 1 point

(n+Dnx""  (n+1)x""

n2 6;1 n- 6n

Because the radius of convergence of the Maclaurin series for f Radius 1 point
is 6, the radius of convergence of the Maclaurin series for f* is

also 6.
Scoring notes:

(n+1)nx""

e A response of 5 earns the first point. Any expression mathematically equivalent to this
n-6

also earns the first point.

(n+1)nx""

e The response need not simplify 5 , but any presented simplification must be correct in
n-6

order to earn the first point.

e The second point is earned only for a supported answer of 6. The second point can be earned
without the first.

e Alternate solution for second point (ratio test):

(n+2)x"
1 n+1 2
(1 DO | _ i |2+ 2) <]y
n—>00 (n+1)xn7 =00 (n+1) 6 6
n'6l‘l

Therefore, the radius of convergence of the Maclaurin series for f” is 6.

e Alternate solution for second point (root test):

n-1 1/n

Therefore, the radius of convergence of the Maclaurin series for f” is 6.

Total for part (c) 2 points
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0 2n
n+1)x . . . .
Let g(x) = Z% Use the ratio test to determine the radius of convergence of the Maclaurin
n=1
series for g.
(n+2)x*"+? Sets up ratio 1 point

(n +_1)23n+1 ~ (n + 2)x2n+2 n23n
(n +1)x*" (n+1)*3"1 (n+1)x*"
2An
n°3
lim (n+2)n* ﬁ ﬁ Limit 1 point
n—>00 (n+1)3 30 13
2 Radius of 1 point
l<l=x*<3=|x|<VB P
convergence

The

radius of convergence of g is 3.

Scoring notes:

The first point is earned by presenting a correct ratio with or without absolute values. Once earned,
this point cannot be lost. Any errors in simplification or evaluation of the limit will not earn the
second point.

The first point is earned for ratios mathematically equivalent to any of the following:

(n+2)x>"2 (7 + 1)
(n+1)*3"" (n+2)x? 23 237 o (1t D> (n=1)"3""
(n+1)x> 7 (n+1)23" (n+ 1) nx*" 2 n?3" nx" 2
n23n (l’l _ 1)2 3n71
The first point is also earned for ratios mathematically equivalent to the following reciprocal ratios:
2n-2
(n+1)x*" nx
023" (n+ D) (a3 (-3 n23"
(n+2)x>"2 "’ n?3" (n+ )X (n+ DX T (n=123" ()P
(n_+1)23n+1 n23n

Responses including any of these reciprocal ratios can earn the second point for using limit notation

to correctly find a limit of the absolute value of their ratio to be . Such responses earn the third

2
point only for a final answer of 3 with a valid explanation for reporting the reciprocal of %

To earn the second point a response must use the ratio and correctly evaluate the limit of the ratio,
using correct limit notation.

The third point is earned only for an answer of v3 with supporting work.

Total for part (d) 3 points

Total for question 6 9 points
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Sample 6A

Amaumoucpunmuu(b)onmhm

Response for question 6(a) |
Xz6: (n)e" 5 ()
“i' nt 6" ny nt
L warmonic series
ompar ¢ *nm §,. A
iwm | Mt .-'-‘-I = |>0
naw l nt |
n
5 M6 gdiverges by e LcT.
n=t 15“
n
Response for question 6(b)

£(-3) 1S AN anernating series whose teTmS decrease
N APSOIULL yaiue 0 0.

tenor] < | £2(- 1) ¢

Page 14

~ Use a pencil or a pen with black or dark blue ink. Do NOT write your name. Do NOT write outside the box.
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8 6 8 6 @ nocaccuLatoraLoweo 6l ¢ 16 ¢ 1@

Answer QUESTION 6 parts (c) and (d) on this page.

|

A

Page 15

Use a pencil or a pen with black or dark blue ink. Do NOT write your name. Do NOT write outside the box,

e

Response for question 6(c) -

n-1 =

general +erm €or ) : n(nt)x -

nt " -

-
m | ey x™ "“l a =
h‘aw {nﬂ}'. b“"t (n,ﬂ)x“| " ‘
-e<X 26 : ‘

P=6 =

—

-

Response for question 6(d) -

im [ht';\x?-hf'l nta" ‘ e \ :

e . —— - Z -

nIw [lﬂrl\l 3WH (1) yn —----..g | ~

IX| ¢ V2 -

-

N L X <3 -

-

R= Nz =

-

-

-

-
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Sample 6B
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6 6 @ ¢ 8 nocarcuLatoraLLowen il ¢ 6l ¢ 16 °

Answer QUESTION 6 parts (a) and (b) on this page.

Response for question 6(a)

a x=b o
o
4 (n4D) 7 A (nx\d
—_— = & T3 O\'—% divevgeg
s L ns' n
N e A
Ry LT, TN
b= -
N 50 o ~N. = oA, e _ LeT
V1569 o = 1 so opplies
e ¢ v
0 X=( e Mocdaur'r Serces &\n‘\:‘fg’e a?\'o! ;&W
(Quverges | | ren wsng e
Gt lomnpartson  TE8+
A= NEV 7\
Response for question 6(b) n qu' > \
¢ 0L ' Y -1 \M
Lt 4
- e (7))
~ 2 | (S (AN _ S
lS Sn\ (PR (‘:‘b)(-\-g = 12
\%(""\'S%\LQL\ ' Ay :ﬁ
beml-lﬁ-e al* - E‘Ss_'-;— angl \5—('33"53\L04 QM
S
50 < 2o \.}[—-3\' 5’5\ l'sa

Page 14
Use a pencil or a pen with black or dark blue ink. Do NOT write your name. Do NOT write outside the box.
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Answer QUESTION 6 parts (c) and (d) on this page.

Response for question 6(c)

g+t wl w
)2 "D R ant?ovet’-om
S gerersl temn = — N

§' gereral FEMM = (n) Y sl (D) mr" ™"

Yowco_testi n*er T n*0"
Livn \ (@AY (Camy x ™) ?',b/'(
RIS )|

diyn ‘Q\ﬁ-\Mﬂ“’) n* S Lo o fiw \ Y0
e YT b (e (e \H e '“’”%

h"—fl"fo\%’\“ IR S A R *'xl A |
‘2\-:.,,5 e tuolius oF conversen cef n @ -FOr
Response for question 6(d) Ji.m )0\::\' ¢
Youto Yest: '
Liw \Q\““\’r\)(ﬁaw“ n* 3" L =
WS« (v\-\\'\ %\"l-H QM-\)(“]"‘S
- \W AW W\ = M| X ("‘””-ﬁﬁ
U,'\‘HYS kﬂ‘“\ ve s - 3 (et
= A t\ . I'wm ‘ Emgh"'\
M—ntfh;o \%—\ o7 | (a3 \ e\ D \I—\ |
Tve voao'W of CONVE rgome , = x"\é 3
(@) |
\x) &Nz
. Page 15
Use a pencil or a pen with black or dark blue ink. Do NOT write your name. Do NOT write outside the box. +
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6 6 [ 6 I NoCALCULATOR ALLOWED - 6 & 6 . ]

E Answer QUESTION 6 parts (a) and (b) on this page. -
: Response for question 6(a)

- oo h o0

- (H-ﬂ)ﬁ. nil I '
- z — > QilaLeAMs ke SAZ%"I’W%L |
- ney N6 nt ' G f ?
- o |
- J : eq | -'
-| “wbees. Since Ln_4§ ", ‘tt')lcn the series Mg |
= alw a‘dvcffe. D e E
L]

-

-

: Response for question 6(b)

: a ﬂ:.'_. n+f ) f
- pt a . L vy 2(n+) B
=G Z == A

o .34 5

=| M) 2 (1) 7l HF-F tem |
- 3y 27 |
- ¥ IRY I

- ’?77 - T )z !
: Page 14

- Use a pencil or.a pen with black or dark biue ink. Do NOT write your name. Do NOT write outside the box.
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Answer QUESTION 6 parts (c) and (d) on this page.

Response for question 6(c)
L "
,)..' pn-fich / .Xﬂ'fk
O AL
Response for question 6(d)
oo (nﬂ)xh 1o n-ﬂ)x ‘ n Jf) : (IHZ
INE 2. RED T a3 (ﬁ)‘f*' (nt1)5* {mﬂ'i
n=q

lim | X204 2 n? Kl( w2 ',y
Saye | T 3 [ * - “Jex"L
' 3[n+l)3 ?
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Question 6
Note: Student samples are quoted verbatim and may contain spelling and grammatical errors.

Overview

o0 7
. ) . . . .. n+1)x
In this question, students are told that the Maclaurin series for a function f is given by Z—( 26?1 . Furthermore,
n=l1 n

the series converges to f(x) for all x in the interval of convergence and the radius of that interval of convergence
is 6.

In part (a) the students are asked to determine whether the Maclaurin series for f converges or diverges at x = 6

+1
and to give a reason for their answer. A correct response will determine that at x = 6, the series is Z ( )
n=1 n

that for all n > 1, the terms of this series are larger than the terms of the divergent harmonic series. Therefore, this
series diverges by the comparison test.

0 n
In part (b) students are told that f(-3) = zw . (—%) and that the first three terms of this series sum to
n=1 N

125
T144

f(-3) is alternating with terms that decrease in magnitude to O. Therefore, by the alternating series error bound,

S; = Students are asked to show that | f(—3) — S;| < —=. A correct response will observe that the series for

S; approximates f(—3) with an error that is no more than the value of the fourth term of the series. The fourth term
S 4+1.(_l)4 _ 5
4? 2

256
In part (c¢) students are asked to find the general term of the Maclaurin series for f” and to find the radius of

o 1
hich is less than —.
which is less than o

convergence of the Maclaurin series for f’. A correct response will differentiate the general term of the Maclaurin

n—1

¢ (n+1)x
n-6"
series for f’ must be 6, because this is the radius of convergence of the Maclaurin series of f.

series for f to find a general term o and will note that the radius of convergence of the Maclaurin

. . . n+1)x*" .
In part (d) students are given a new Maclaurin series, g(x) = Z%, and asked to use the ratio test to

n=1

determine the radius of convergence. A correct response will set up a ratio of consecutive terms, Il , find the
a
n

limit of the absolute value of that ratio as » — 00, and determine for what values of x the limit is less than 1.

© 2024 College Board.
Visit College Board on the web: collegeboard.org.
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Question 6 (continued)

Sample: 6A
Score: 9

The response earned 9 points: 2 points in part (a), 2 points in part (b), 2 points in part (c), and 3 points in part (d).

(n+1)6"
n2 6"
second point in the second, third, and fourth lines by correctly evaluating the limit of the ratio of our series with

the harmonic series, stating that the “harmonic series diverges”, and concluding that our series diverges.

In part (a) the response earned the first point in the first line for the term . The response earned the

1

4
In part (b) the response earned the first point in the second line for the term ‘%(——) . The response earned the

i(_l)4 <L
16\ 2 50°
In part (c) the response earned the first point in the first line for the correct general term of the derivative

n(n+1)x""!

n*6"
absolute values, correct evaluation, and the answer.

2

second point by stating “ f(=3) is an alternating series” and presenting the inequality |Error| <

. The response earned the second point in the second and fourth lines for the limit of the ratio with

(n + 2)x2"+2 ) n2 3"

(n+1)23" (n+1)x™
2

% . The response earned the

In part (d) the response earned the first point in the first line for the term . The response

earned the second point in the first line by correctly evaluating the limit with the term

third point for the correct answer of /3 with correct supporting work.

Sample: 6B
Score: 6

The response earned 6 points: 1 point in part (a), 1 point in part (b), 2 points in part (c), and 2 points in part (d).

In part (a) the response earned the first point in the second line on the left for the term

+1)6"
%. The response

n°6
1
did not earn the second point because the response did not reference that the series Z— diverges and instead
n

n=1

only referenced the term %

4+1(—14

In part (b) the response earned the first point in the second line on the right for the term — —) . The
4

2

response did not earn the second point since the response did not reference alternating series or alternating series
error bound.

© 2024 College Board.
Visit College Board on the web: collegeboard.org.
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Question 6 (continued)

(n+1)

n*6"

the second point for a correct application of the ratio test together with the correct answer.

In part (c) the response earned the first point in the second line for the term -nx""!. The response earned

(n+1)+ 1)(x2("”>) 23

In part (d) the response earned the first point in the third line for the term o . |-
(n+1)"3"" (n+1)(x ”)

The response did not earn the second point because in the fourth line there is a missing 3" *1 in the denominator. The

response earned the third point for a correct radius of convergence with correct supporting work.

Sample: 6C
Score: 3

The response earned 3 points: 1 point in part (a), no points in part (b), no points in part (c), and 2 points in part

(d).

(n+1)6"

In part (a) the response earned the first point in the first line for the term T The response did not earn the
6

n
second point because the response presented an inequality that compares series instead of terms of series.

In part (b) the response did not earn the first point because the response did not correctly use the fourth term of
the series. The response did not earn the second point because the response did not reference alternating series.

In part (c) the response did not earn the first point because the presented derivative is incorrect. The response did
not earn the second point because the response did not present a radius of convergence.

(n + 2)x2n+2 ‘ n2 . 3}1
(n+1)23"1 (n+1)x™
x2

3

In part (d) the response earned the first point in the first line for the term . The response

earned the second point in the second line for the correct evaluation of the limit as . The response did not earn

the third point because the response presented an imaginary number v—3 in the third line.
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